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The steady, two-dimensional, incompressible laminar boundary-layer flow of power law
fluids past a semi-infinite flat plate is studied analytically by the method of series expansion
and the method of steepest descent (Meksyn's method). The shear stress of the fluids consid-
ered is proportional to the nth power of the velocity gradient. The solution obtained is a
series of gamma function with the coefficient being a function of the material constant, n.
The first ten terms of the series solution are then considered for the sum to determine the
velocity gradient at the plate, f,,(0). The results obtained for f,,(0) and the coefficient of
skin friction are in excellent agreement with the numerical solutions available in the range of

0.1 =n=25.

The boundary-layer theory for power law fluids was de-
veloped and discussed in detail by Schowalter (7). He
showed that for a steady two-dimensional boundary layer
flow the shear stress is proportional to the nth power of
the velocity gradient and the similar solutions exist for
Falkner-Skan types of flow. Later, Hayasi investigated the
conditions for the existence of similar solutions for two-
dimensional and axisymmetric boundary layers (3). How-
ever, the analysis of the fluids flowing past a body was
first attempted by Acrivos, Shah, and Petersen (I). They
discussed the momentum and heat transfer in boundary-
layer flows of power law fluids past external surfaces and
solved the flat plate problem by a numerical method as
well as by Von Karman-Pohlhausen integral method. They
concluded from the results obtained that the integral
method is, in general, less accurate for non-Newtonian
fluid flows. In 1965 Berkovskii presented the exact nu-
merical solutions for power law fluids flowing over a flat
permeable plate and near the stagnation point (2).

The flat plate problem is solved here theoretically by
the method of series expansion and the method of steepest
descent (4 to 6). The purposes of this study are to obtain
a simple, analytical solution for the flat plate problem, and
to show that the powerful method can be used to solve
the boundary layer problems of power law fluids.

GOVERNING EQUATIONS

For a steady, two-dimensional, incompressible, laminar
flow past a semi-infinite flat plate, the governing boundary
layer equations of continuity and motion are

ou  dv
—_——=0 1
ax+ay (1)
] d 1 or
e A (2)

respectively. The equation of state for the boundary layer
fluid flow is (7)

w=k(5) @)

The boundary conditions to be satisfied in this problem are
aty=0: u=0, v=0 (4)

as y=> o : u- U = constant (5)

It is rather well known that a similarity transformation
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exists for the problem considered. A stream function
¥(x, y) can be introduced from the continuity equation

such that
N (6)
dy ox
Letting (see Appendix) )
K Tl
n=yU[—n(n+ 1) U2"-1x] (%, y)
P

1

[Enwenvmre]"™
P

the boundary layer equation of motion, Equation (2),
with the expression for shear stress in Equation (3) takes

the form
faomn + ffn® =0 (8)

where the subscript n denotes the differentiation. The
boundary conditions, Equations (4) and (5), now become

f(0) =0, f,(0)=0 (9)
fn(")_>°°)_)1 (10)
By use of the transformations, Equation (7), the shear
stress defined in Equation (3) can be written as
n 1

ry=pU [+ 1)T " Nies (11)

where Ng., = (pU?~™ x")/K is the Reynolds number
based on x. The coefficient of skin friction is then defined
as

n+ n+l

n

Co=[n(n+1)] o (0) (12)
It is noted that the definition for Cy is exactly the same as
C(n) of Acrivos, et al. (1).
METHOD OF SOLUTION

To solve the nonlinear ordinary differential equation,
Equation (8), we first expand the function f() in a
power series of % such that

fa) = 3 o (13)
m=0
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Application of the boundary conditions, Equation (9), and
substitution of Equation (13) into Equation (8) yield

6=0,a8=0 ag=a =0, a,=0, as = — a2tk
ag =0, a; =0, ag = (11 + 10k) a3+2k, g9 = 0,
ayp =0, a;; = — (375 + 934k -+ 560k2) a*+3k,
a1p =0, a;3 =0, a4 = (27,897 + 126,136k
+ 190,640k + 92,400k%) a5+, gy = 0, etc., (14)

where k = 1 — n. It is noted that all the expansion co-
efficients a,, found are expressed in terms of the unknown
coefficient a; (= a) and n and can be reduced to those
for Blasius problem if we set k = 0 (that is n = 1). Now,

) =@ f 2o S b s

by use of the coefficients found and Equation (13) we
have

altk

21

.y’2

ffknn= i: dn 7" =

_ (L 10K) @2 (11 + 94k + 560K?) ¥+

5! K Y "
(375 + 3,816k + 21,240k + 92,400k3) gt+4k .
11! K

- (15)

Equation (15) is needed next in determining the unknown
coefficient a; = a by the method of steepest descent.

To determine a; we then integrate Equation (8) twice
and find that

o) = Fun(0) J e=r (16)
in which
Fo) = ' ffo ()

Integrating Equation (17) by use of Equation (15) and
letting

Fl)=n* > cmym=r
m=0 (18)
in which the coefficients c,, are

_ dm+2
m-+3

with d,, defined in Equation (15) we find by the inver-
sion theorem that

Cm (19)

1
L g mD (20)

ki T
m 1

)
-3
m=0

The coefficient b,, in Equation (20) can easily be shown
to be the coefficient of %™ in the expression (5, 6)

1
—- —(m+1)
3

[co+eintear?+ean®+eo vt +——-]
(21)
They are found to be (4)
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1
altk\ 3
b0=( 6 ) >b1=0’b2=07
1+ 10k
by =12y b—0, =0,
(2 — 23k — 70k2
be_—"—- 360 ) bo, b7=0, b3=0
(322 — 6,405k + 35,175k2 + 38,500k3)
by = by, etc.
124,740
(22)

The integral in Equation (16) can now be written in
terms of the variable = and integrated, that is

w=m§ %n(mzw (23)
m=0

where T; is an incomplete gamma function. Once the
value for f;n(0) = a, is determined by the boundary
condition at infinity, Equation (23) can give us the
velocity profile. The corresponding value of 7 for a
given value of = in Equation (23) can be obtained from
Equation (20).

Application of the boundary condition at infinity, Equa-
tion (10), to Equation (23) gives

1 » m+1
CEa g nr(T2)
52

This is the relation to be used for determining the only
unknown coefficient f,,(0) = as. Now if we consider the
first ten terms of the series in Equation (24) for evaluat-
ing a,, we find after some manipulations that

3

2—k

4y = [ 0.6;628 ] (25)

(24)

withk =1 — nand
(14 10k) (2 —23k— 70k2)

S=1+
45 810
3292 — 6,405k + 35,175k2 + 38,5003
L L (26)
1,202,850

For a given value of n (k = 1 — n), a, can be calculated
rather easily from Equations (25) and (26).

It is noted here that when the value of n is zero, Equa-
tion (3) indicates that the shear stress is constant every-
where in the flow field and the governing equation will
certainly be different from the one we have considered in
this study. Thus, the solution obtained is not valid for the
case when the value of k equals to one (that is n = 0).
Fortunately, the usual range for the value of k in practice
lies between —1 and 0.9. Mathematically, if the series in
Equation (24) [or terms in Equation (26)] converges
rather slowly or even becomes divergent, application of
Euler’s transformation (6) are necessary to find the sum
of the series.

RESULT AND DISCUSSION

The first ten terms of the series in Equation (24) are
used without any application of Euler’s transformation to
find the sum for evaluating the velocity gradient at the
plate, f,,(0). This means that terms in Equation (26)
converge nicely and that f,,(0) = a, presented here is
c?lculated directly from Equation (25) for a given value
of n.
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The value of f,,(0) obtained for pseudoplastic fluids
is given in Table 1 for the range of 0.1 = n = 1. In the
course of calculation we found that the convergence of
the term for S defined in Equation (26) is generally slow-
ing 'down as the value of n decreases. (This is because
wl%en n = 0, the governing equation is different from the
one we have considered.) This indicates the accuracy of
fin(0) calculated from Equation (25) decreases as the
degree of pseudoplasticity increases. To make sure the
results obtained are accurate and acceptable, they are
compared with the exact numerical solutions of Berkovskii
which are also presented in Table 1. It shows that the
difference in f,,(0) between the two works is less than
0.5% when 0.5 = n = 1, and increases to 6.6% when
n = 0.1. This is expected because only the first ten terms
of the series in Equation (24) are used for sum without
any application of Euler’s transformation. Based on the
results obtained for f,,(0) the coefficient of skin friction
defined in Equation (12) is also calculated and given in
Table 1. A comparison of C, between the two works again
shows that the difference in Cy generally increases as the
degree of pseudoplasticity increases. However, the maxi-
mum difference is now less than 0.8% for 0.1 = n = 1.0.
This is no surprise at all, since Cy is proportional to the
nth power of f,,(0).

TaBLE 1. VALUES OF fny(0) and Cq4 For PseunopLAsTIic FLUIDS

Equation 25 Berkovskii
n Fan(0) Ca fam(0) Cq*
0.1 0.1160 0.9853 0.1088 0.9791
0.2 0.1528 0.8712 0.1472 0.8647
0.3 0.1922 0.7577 0.1883 0.7531
0.4 0.2332 0.6592 0.2306 0.6563
0.5 0.2748 0.5770 0.2735 0.5756
0.6 0.3163 0.5090 0.3157 0.5084
0.7 0.3569 0.4526 0.3567 0.4524
0.8 0.3963 0.4055 0.3962 0.4055
0.9 0.4339 0.3658 0.4339 0.3658
1.0 0.4696 0.3321 0.4696 0.3321

® Calculated by the present authbor.

Table 2 presents the velocity gradient at the plate and
the coefficient of skin friction for dilatant fluids. Accord-
ing to the values calculated for the terms in Equation
(26) we found that the accuracy of f,,(0) obtained for
1.0 = n = 2.5 is in the order of magnitude of that when
n = 0.2. It is therefore believed that the results given in
Table 2 are acceptable in the range 1.0 = n = 2.5, Fur-
thermore, the coefficient of skin friction obtained for n =
1.5, 2.0, 2.5, and 3.0 agrees quite well with numerical re-
sults of Acrivos, et al. (1).

TABLE 2. VALUES OF fyy(0) AND Cq ror DiLATANT FLUIDS

n fan{©0) Ca n fm(0) Ca
1.1 0.5033 0.3030 1.9 0.7003 0.1661
1.2 0.5347 0.2778 2.0 0.7180 0.1561
1.3 0.5640 0.2558 2.1 0.7346 0.1471
14 0.5912 0.2363 2.2 0.7506 0.1391
1.5 0.6164 0.2190 2.3 0.7660 0.1319
1.6 0.6398 0.2036 2.4 0.7810 0.1256
1.7 0.6614 0.1897 2.5 0.7959 0.1200
1.8 0.6815 0.1773 3.0 0.8753 0.1040

We can finally conclude from the above discussions and
comparisons that the simple solution for f,,(0), Equation
(25), obtained by series expansion and the method of
steepest descent can give us the skin friction as accurate
as that obtained by other methods. It is, furthermore,
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believed that Falkner-Skan flows of power law fluids can
be solved analytically by the same method with some ap-
plication of Euler’s transformation (5).
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NOTATION

Ca = coeflicient of skin friction defined by Equation
(12)

f(n) = dimensionless stream function

k =1—n

K,n = parameters in power law model, Equation (3)

Nge, = (pU27™ 1) /K, Reynolds number based on x

u = velocity component in x direction

U = external velocity

v = velocity component in y direction

x = distance along the plate from the leading edge

y = distance normal to the plate

Greek Letters

I = gamma function

I = incomplete gamma function

7 = stretched dimensionless ordinate defined by Equa-
tion (7)

) = density

T = variable defined by Equation (18)

7y = the shear stress

¥ = stream function
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APPENDIX: SIMILARITY TRANSFORMATION

By introducing a stream function y(x, y), Equation (6), the
boundary layer equation, Equation (2), with the equation
of state defined by Equation (3) can be written as

K
Yy Yuo — Vo Yyy = 7 n Yy Yyy (A1)

in which the subscripts x and y denote the differentiation
respect to x and y. The boundary conditions of the problem
now become

\b(x’ 0) = O; K&u(x, 0) =0
Yy(x, y = o0 ) = U = constant

(A2)
(A3)
To find a similar solution for the problem, Equations (Al),

(A2) and (A3), two scale factors, a{x) and b(x), both
functions of x are introduced such that

Yy _ ¥(xy)

The two scale factors, a(x) and b(x) are to be found next.
In order not to complicate the boundary conditions of the
transformed problem, Equation (A3) indicates that

a(x) = b(x)/U (A5)

By use of the transformations, Equation (A4), and the rela-
tion in Equation (A5), Equation (Al) becomes

" (A4)
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Uz db(x) K U+t

fog® Ynuw  (A6)

j— ——— =N
b(x) dx p b(x)nt1
Equation (A6) indicates the existence of a similar solution if
vz db K U2+t
_U dblx) Ct— o ———— (A7)
b(x) dx p b(x)ntl
in which Cj is an arbitrary constant. Rewriting Equation (A7)
in the form
db(x) K
bn(x) =Cy—nUn-1
dx P
and integrating once yields
1
n+l
K
b(x)=[c1_n(n+1)u2n—lx] (A8)
P

For the case when x 5% 0, the substitution of Equation (A8)
into Equation (A6) yields

1
~— Fon Fan™ 1 + ffyn =0 (A9)
Ci

Furthermore, this equation can be written as

famm + C1ffun ™ = (A10)

Without loss of generality the arbitrary constant, Ci, can be
set equal to one. Then, the substitution of Equation (A8) into
Equation (A4) with the relation, Equation (A5), gives the
similarity transformation, Equation (7), and Equation (Al0)
becomes Equation (8). Similarly, the transformed boundary
conditions for Equations (A2) and (A3) are those given in
Equations (9) and (10),

The Experimental Determination of the
Volumetric Properties and Virial Coefficients
of the Methane-Ethylene System

H. G. McMATH, JR. and W. C. EDMISTER

Oklahoma State University, Stillwater, Oklahoma

An apparatus was constructed for making isochoric measurements of P-V-T properties. Ex-
perimental compressibility factors were obtained and are presented for methane, ethylene,
and four intermediate mixtures at 60, 40, and 20°F., with pressures from 260 to 2,220
Ib./sq.in.abs. Second and third virial coefficients and interaction virial coefficients were de-
termined from the data. The compressibility factors and the virial coefficients are compared
with the Benedict-Webb-Rubin equation of state, applied in its original form and in a recent

generalized form,

Volumetric (or compressibility factor) data are of in-
dustrial interest in process design calculations. The data
are also of value in the calculation of derived thermody-
namic quantities and in the further development of gen-
eralized methods for estimating thermodynamic properties
from a minimum of direct data.

In the past, several experimental facilities have been
developed for determining compressibility factors of mix-
tures or pure components along isochoric (constant den-
sity) paths. The apparatus of Goodwin (7), Michels (16,
20), and Solbrig and Ellington (28) are of the isochoric
type. In principle the compressibility factors for a constant
composition system become established with the simultane-
ous knowledge of the three quantities pressure, tempera-
ture, and density. At selected points along an isochoric

- H. G. McMath, Jr. is presently with Shell Oil Company, Deer Park,
‘exas.
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path the pressure and temperature are directly measured,
and the data thus consist of a series of P-T points at con-
stant density. The value of the density may be determined
by separate measurement of the mass and volume quanti-
ties or, alternately, the density may be determined from
the previously measured compressibility factors of the
sample at a reference temperature.

In the apparatus described herein, the density of the
sample is determined from the compressibility factors
along the reference isotherm (77°F.). The isotherm is
independently determined using a Burnett type of ap-
paratus (3).

The methane-ethylene binary system was selected for
this study. The compressibility factors of the methane sys-
tem have been extensively reported from —274 to 650°F.
and at pressures as high as 1,000 atm. (4, 10, 13, 19, 21
to 23, 27, 30). By far the largest portion of the experi-
mental data is reported above the critical temperature
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